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Supersonic Low-Density Flow Over Airfoils

Tsze C. Tai* and Mark S. Morant
David Taylor Research Center, Bethesda, Maryland 20084-5000

Two-dimensional, Reynolds-averaged, full Navier-Stokes equations for a perfect gas are solved for super-
sonic, low-density flow at Reynolds numbers ranging from 4 x 102-3.5 x 104. Slip-velocity boundary conditions
based on various Knudsen numbers are introduced. This formulation is referred to as the extended Navier-
Stokes method. Numerical results are obtained for three symmetric airfoils (NACA 0009, NACA 0012, and a
9%-thick, circular-arc airfoil) traveling at supersonic speeds at an angle of attack of 1.25 deg. The effect of the
slip velocity becomes noticeable when the Knudsen number is greater than 0.01 and becomes important for
Kn > 0.1. In a low-density atmosphere, the airfoil lift coefficients are low and drag coefficients are high because
of strong viscous effects. The effect of the slip velocity tends to reduce both the lift and drag coefficients, but
to a much smaller degree than the effect due to viscosity.
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Nomenclature
speed of sound
chord length of an airfoil
total energy normalized by Poofl
altitude
Knudsen number
mean Knudsen number
Mach number
Prandtl number

Reynolds number
time
contravariant velocities
velocity components normalized by the freestream
speed of sound a^
Cartesian coordinates normalized by the chord length
angle of attack
specific heat ratio
boundary-layer thickness
mean free path
dynamic viscosity
kinematic viscosity
generalized curvilinear coordinates
gas density normalized by its freestream value
diffuse reflection
shear stress

Subscripts
s = slip condition
w = at wall
oo = freestream condition

Introduction

CURRENT interest in high-altitude flight has prompted
new exploration of low-density aerodynamics. Unfortu-

nately, the theoretical models and computational capabilities
developed to date have proven insufficient to characterize
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these flows fully. The difficulty has to do with the high degree
of rarefaction of the flow. The low-density flows of interest
occur in a transitional flow region between the continuum
flow region and the molecular flow region. In this "transition
region," the concept of transport coefficients (which are the
basis for the Navier-Stokes equations) becomes invalid. Thus,
the traditional Navier-Stokes analysis ceases to give accurate
results. The objective of this research is to investigate the flow
physics of high-altitude flight, and to develop a new computa-
tional scheme for assessing vehicle performance in this impor-
tant flow regime.

In order to achieve sufficient lift for level flight, a high-
altitude vehicle must fly at high speeds. A typical flight envel-
ope would include freestream Mach numbers between 3 and
15, at an altitude of 30-50 miles above sea level. This flight
regime, although considerably beyond the capability of exist-
ing aircraft, lies within the flight envelope of the National
Aerospace Plane (X-30). The aerodynamic challenge is to
achieve sufficiently high lift coefficients, at the prescribed
altitudes but at a relatively low Mach number, so that certain
hypersonic flow problems (such as heat transfer, chemical
reactions, and surface catalytic activities) can be circum-
vented. In the present work, a hypothetical, infinite-span wing
traveling at Mach numbers between 3 and 5 (corresponding to
Reynolds numbers ranging from 3.6 x 102-5.3 x 104) is used
as a test case. The infinite span allows the problem to be
treated two-dimensionally.

In contrast with continuum flow, transition flow requires a
higher-order approximation to the Boltzmann equation. Nu-
merical solution to the Boltzmann equation consists of 1) the
evaluation of the collision integral and 2) the integration of the
differential equation. Although the integral form of the colli-
sion term causes much of the mathematical difficulty in solv-
ing the Boltzmann equation, the use of the velocity space
coordinates as independent variables in partial differential
equations requires large amounts of computer time and stor-
age. The advent of high-speed computers has spurred the
development of numerical solutions to the Boltzmann equa-
tion for several basic, one-dimensional cases.1

For flight altitudes of 30-50 miles above sea level, the flow
is in the slip-flow regime, such that M/^fRe lies between 0.01
and 0.2. Two alternate approaches to solving the Boltzmann
equation can be considered. The first approach is an extension
of the continuum Navier-Stokes method to the slip-flow prob-
lem. For less rarefied slip flows, the Knudsen number (which
characterizes rarefied gas dynamics) is small, and the rarefac-
tion effects are mixed with strong compressibility and viscous
effects. The continuum Navier-Stokes approach may be ex-
tended to the slip-flow problem by replacing the usual nonslip
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condition in the flow calculation by a finite slip velocity at the
wall. This procedure is of practical interest and might be
superior for the range of Reynolds numbers being considered.

Another alternate approach to solving the Boltzmann equa-
tion is the direct simulation of the physics of the gas flow.2 If
the simulation of the collision phenomenon is consistent with
the Boltzmann formulation, it can also yield the Boltzmann
solution. First applied by Bird to the problem of translational
flow,3 the intermolecular collisions in the direct simulation
technique are treated on a probabilistic basis with the aid of
the Monte Carlo method. The technique, referred to as the
direct simulation Monte Carlo (DSMC) method, requires the
assumption of molecular chaos and is restricted to dilute gas
flows in which the mean spacing between the molecules is large
in comparison to the molecular diameter. Because the DSMC
method avoids the use of velocity space coordinates, more
complex problems can be treated with this technique.4"6

In the present paper, the methodology and results of the
first approach are presented. The extended Navier-Stokes
method has the distinct advantage of making use of recently
advanced computational fluid dynamics capabilities, and
should be adequate for the range of Reynolds numbers being
considered. The DSMC method can serve as validation and
assessment of the extended Navier-Stokes method, in the ab-
sence of adequate experimental data.

Extended Navier-Stokes Method

Governing Equations
The two-dimensional Navier-Stokes equations for a perfect

gas written in generalized curvilinear coordinates (r,^,?/) are

(1)

p
pu
pv
e

pU
puU +
pvU +

PV

(2)

with the contravariant velocities

The viscous flux terms are JEV = J~l (%XEV + %yFv) and
J~l (yxEv +rjyFv), where

with

rx =

yy

f=urxx

g = UTXy

f

- 2vy)/3

4Vy)/3

vrx

VT

F_-

(3)

(4a)

(4b)

(4d)

The metric terms are defined as

V = vt + rjxU + ly

(5)

Boundary conditions are as follows: for outer boundaries,
the flow is undisturbed, i.e., U - u = M&, V - v = 0, and
p = 1; at the body surface, the viscous conditions apply, i.e.,
U=V = 0.

Equations (1) and (2) are the Reynolds-averaged, Navier-
Stokes equations of the continuum theory. Thus far, there has
been no departure from the conventional continuum ap-
proach. The preceding system follows the development of
Pulliam7 and Steger.8 However, the "thin-layer" approxima-
tion of Ref . 7 has not been undertaken here.

Slip Velocity Boundary Condition
In solving the Navier-Stokes equations for a low-density

flow, a departure is made from the conventional continuum
approach in that the usual nonslip conditions at the wall are
now replaced with slip conditions. This approach is justified
for flows with low Reynolds numbers in which the rarefaction
effects are mixed with strong compressibility and viscous ef-
fects. The Knudsen number Kn , which is defined as the ratio
of the length of the molecular mean free path to some signifi-
cant dimension of the flowfield, is not much smaller than
unity. Such flows lie in the slip-flow regime, somewhere be-
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Fig. 1 Regimes of gas dynamics. Fig. 2 Knudsen number values in slip-flow regime.
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tween the continuum flow and the transition flow; see Fig. 1.
When the Reynolds number is not too small, i.e., Re>l9

the significant characteristic dimension of the flow is the
boundary-layer thickness.9 Since the boundary-layer thickness
is inversely proportional to the square root of the Reynolds
number, for a laminar boundary layer, the slip-flow regime is
defined by the following limits9:

for Re

By the same token, the Knudsen number is given by9

Kn = \/5

where A is defined as9

X= 1.26 Jy(v/a)

and d is approximated by

5x

(7)

(8)

(9)

Substituting Eqs. (8) and (9) into Eq. (7) yields the expression
for the local Knudsen number:

Kn = 0.298
\lx/c\[Re

(10)

Equation (10) indicates that the local Knudsen number at the
leading edge can be much larger than that at the trailing edge.

Accordingly, the mean Knudsen number for the entire air-
foil is given by

— 1 l 0.298Kn =• d(x/c) = 0.596 MQO

(11)

The mean Knudsen number is equal to the local Knudsen
number at the quarter chord, x/c = V*. Values of the mean
Knudsen number in the Mach number and Reynolds number
range of interest are plotted in Fig. 2.

Because there are no large-scale deviations from the contin-
uum behavior in the slip-flow regime, the flowfield is still
generally governed by the continuum equations. The rarefac-
tion effects may be taken into account by applying the slip
conditions between the flowfield and the body surface. Since
the heat-transfer problem is not addressed in the present work,
the slip condition corresponds to a velocity slip only. No
temperature jump is considered.

Because of the interactions between the gas molecules and
the body surface, determination of the slip flow velocity with
kinetic theory is fairly difficult. However, for engineering
purposes, an approximate analysis based on a monatomic gas
adjacent to an isothermal surface serves to relate the slip
velocity and the gradient of the tangential velocity9:

TT rUs = —— Kn ( -r- 1a dri/w

where

(r) =(?^+

(12)

(13)

The Cartesian velocities are related to the contravariant
velocities through the following transformation:

?,
(14)

For flows with Reynolds numbers ranging from 4 x 102-
3.5 x 104, the boundary layer remains laminar; hence, only
laminar flow is considered.

Numerical Solution
An implicit, approximate factorization, finite-difference

scheme is employed in solving the partial differential equa-
tions represented by Eq. (1). Local time linearizations are
applied to the nonlinear terms, and an approximate factoriza-
tion of the two-dimensional implicit operator is used to pro-
duce block tridiagonal matrices. The spatial derivative terms
are approximated with second-order central differences. Ex-
plicit and implicit artificial dissipation terms are added to
achieve nonlinear stability. The numerical procedure uses the
ARC2D code developed by Pulliam7 and Steger,8 except that
the full Navier-Stokes equations are used in the present work,
rather than the thin-layer equations employed in the standard
ARC2D program.

Both slip and nonslip boundary conditions for velocity are.
applied at the wall. Of course, the nonslip condition produces
the conventional continuum solution. Equation (12) is used to
evaluate the slip velocity. Full diffuse reflection (i.e., a = 1) is
assumed.

Results and Discussion
Numerical results are obtained at altitudes ranging from

28-50 miles above sea level for three airfoils: NACA 0009 and
NACA 0012 airfoils, and a 9%-thick, circular-arc airfoil. The
low-density atmosphere condition requires a high flight speed
(Mach 3-5) to achieve sufficient lift for level flight. The angle
of attack of the airfoil is kept as low as possible to avoid high
drag values. For these altitudes, the Reynolds number ranges
from 5.3 x 104-3.6 x 102. This corresponds to a Knudsen num-
ber range of 0.02-0.2, which lies in the slip-flow regime.
Numerical "C" grids are used for all three airfoils.10 For the
preceding Reynolds number range, the boundary layer re-
mains laminar; hence, only laminar flow is considered.
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Fig. 3 Lift coefficient vs Reynolds number for NACA 0009 airfoil.
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Fig. 4 Lift coefficient vs Reynolds number for NACA 0012 airfoil.
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Fig. 7 Drag coefficient vs Reynolds number for 9 % -thick, circular-
arc airfoil.
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Fig. 6 Lift coefficient vs Reynolds number for 9%-thick, circular-
arc airfoil.
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Fig. 8 Pressure distribution over 9%-thick, circular-arc airfoil at
Moo = 4.0 and a = 1.25 deg.

Results are presented in terms of aerodynamic lift and drag
coefficients of these airfoils at altitudes of 28, 38, and 50
miles. Figure 3 shows lift coefficient vs Reynolds number for
the NACA 0009 airfoil at Mw = 3, 4, and 5, and a = 1.25 deg,
with both the slip and nonslip (continuum) conditions applied,
the lift coefficient increases moderately as the Reynolds num-
ber decreases (altitude increases). Ordinarily, the lift coeffi-
cient would be expected to decrease with decreasing Reynolds
numbers or increasing rarefaction. In the present results, how-
ever, the flow is totally laminar. A decrease in Reynolds
number enhances the laminar mixing and thus decreases the
pressure in the suction side (upper surface), which leads to a
higher lift coefficient. The physics here are similar to those in
the case of base pressure. Kavanau11 found from the measure-
ments in a low Reynolds number range (Re <1 x 104) that the
base pressure on a cone-cylinder body decreases monotoni-
cally as the Reynolds number decreases.

The local mean Knudsen numbers are indicated at various
data points. The effect of the slip velocity on the lift coeffi-
cient becomes noticeable for Knudsen numbers greater than
6.01, but is important for Kn >0.1. There is a slight decrease
in lift when the slip condition is applied. Unfortunately, avail-
able experimental data12 are rather limited for comparison
purposes. This increase in lift coefficient with increasing alti-
tude also applies to the case of an NACA 0012 airfoil, for
which lift coefficient vs Reynolds at M^ = 3-5 is shown in
Fig. 4.

The Mach number contour over an NACA 0009 airfoil at
Moo = 5, a = 1.25 deg, and h = 50 miles is shown in Fig. 5.
The detached shock wave in front of the leading edge forces

the velocity to go subsonic. The extensive subsonic region near
the surface of the airfoil suggests that a very thick laminar
boundary layer has developed, which causes excessive form
drag and thus leads to a high drag coefficient.

Circular-arc airfoils, or their derivatives such as parabolic-
arc airfoils or conical-section airfoils, are considered to be
efficient airfoils for supersonic flight.13 In the present work, a
9%-thick, circular-arc airfoil is used as a representative test
case. For the same flow conditions and airfoil thickness, the
lift coefficient of the circular-arc airfoil at various Reynolds
numbers is about 12% higher than that of the NACA 0009
airfoil (see Fig. 6). Once again, the slip effect becomes impor-
tant when the Knudsen number is greater than 0.1. In general,
the lift coefficient increases slightly as the altitude increases,
although it is adversely affected by the slip condition.

The airfoil drag coefficient rises sharply with increasing
altitude. Figure 7. shows drag coefficient vs Reynolds number
for the 9%-thick, circular-arc airfoil traveling at M^ = 3-5
and a = 1.25 deg. The drag rise is due to the presence of a very
thick laminar boundary layer which develops in low-density
flows. The rate of the drag increase, however, is slightly
attenuated by the slip effect. When the slip condition is ap-
plied, the stress is reduced, which leads to a lower skin friction
than that determined by the traditional continuum theory.
Similar effects in very low Reynolds number flows have been
found by Moss et al.4 on blunt bodies of revolution using the
DSMC method.

The pressure distribution over the 9%-thick, circular-arc
airfoil at M&-4 and a = 1.25 deg, with slip and nonslip
conditions applied, is shown in Fig. 8. Toward the forward
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half of the airfoil, there is a slight shift of the pressure curve,
due to the addition of the slip velocity given by Eq. (12). The
effect of slip velocity diminishes toward the trailing edge of
the airfoil.

Concluding Remarks
The continuum Navier-Stokes method for solving airfoil

flows has been extended to the slip-flow regime by replacing
the usual nonslip boundary condition with the slip velocity at
the wall. Numerical results on low-density flows over three
airfoils indicate that the effect of slip velocity becomes notice-
able when the Knudsen number is greater than 0.01 and be-
comes important for Kn > 0.1. In a low-density atmosphere,
the airfoil lift coefficients are low and drag coefficients are
high because of strong viscous effects. The addition of the slip
velocity tends to reduce both the lift and drag coefficients, but
to a much smaller degree than the effects due to viscosity. The
overall lift-to-drag ratio is almost unchanged by the slip effect.

Although it is more rigorous to pursue a direct solution to
the Boltzmarin equation for the slip flow problem, the present
extended Navier-Stokes method appears to be quite appropri-
ate for the range of Knudsen numbers and Reynolds numbers
considered.
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